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Abstract
Commutator relations are used to investigate the spectra of Schrodinger
Hamiltonians, H = —A 4+ V (z), acting on functions of a smooth, compact

d-dimensional manifold M immersed in R**!. Here A denotes the Laplace-
Beltrami operator, and the real-valued potential-energy function V(x) acts
by multiplication. The manifold M may be complete or it may have a
boundary, in which case Dirichlet boundary conditions are imposed.

It is found that the mean curvature of a manifold poses tight constraints
on the spectrum of H. Further, a special algebraic role is found to be played
by a Schrodinger operator with potential proportional to the square of the
mean curvature:

H, = —A + gh?

where g is a real parameter and

d
h:= E Rj,
j=1

with {k;}, 7 = 1,...,d denoting the principal curvatures of M. For in-
stance, by Theorem 2.1 and Corollary 3.4, each eigenvalue gap of an arbi-
trary Schrodinger operator is bounded above by an expression using Hy 4.
The “isoperimetric” parts of these theorems state that these bounds are
sharp for the fundamental eigenvalue gap and for infinitely many other
eigenvalue gaps.
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1 Introduction
Eigenvalue gaps for Laplacians and Schrédinger Hamiltonians,
H=-A+V(z2),
especially the fundamental gap,
I':i=Xo— A,

reflect the analytic and geometric details of H. The connection between the
size of the gap and H is often shown by calculations involving commutators
of H with other operators, as in [1, 2, 10, 13, 14, 17], which are among the
inspirations for this article. In contrast to most of those articles H is defined
here on a curved hypersurface M, and commutators will be used to connect
eigenvalue gaps and certain other functions defined on the spectrum o(H)
to the mean curvature of M, which is found to pose tight constraints on the
spectrum, including sharp bounds on T'.

Certain bounds will be proved for Laplace and general Schrodinger op-
erators, yet they take on their simplest form when the potential energy is
proportional to the square of the mean curvature. Schrodinger operators
depending explicitly on the principal curvatures s := {x;}, j =1,...,d,

V%4 q(r), (1.1)

defined on a d-dimensional submanifold of RY, arise in the mathematics of
nanophysics and thin structures, and connections between certain g and the
shape of the structure have previously been studied in [8, 4, 6, 11, 12, 9],
in some cases with sharp control of individual low—lying eigenvalues, A\; <
Ay < -+, but as yet there has not been a focus on the eigenvalue gaps in
this context.

Section 2 will be devoted to the fundamental eigenvalue gap, while in
Section 3 an alternative algebraic approach is used to extend these results
to all eigenvalue gaps. The results of Section 2 are largely subsumed by the
Section 3, but as alternative, simpler methods are available for the simpler
situation, it is felt useful to present multiple points of view.

Notation

e (f,g) denotes the standard inner product on L?(M). The measure is
taken as that derived from the Euclidean metric on the ambient RY.
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[A, B] := AB — BA denotes the commutator of operators A and B

M will denote a compact, smooth, connected manifold of dimension d
immersed in R*!, with principal curvatures {r;}, j=1,...,d. The
corresponding normalized eigenvectors of the shape operator will be

d
denoted t;, while h:= ) &;.
j=1

The notation ug, A, kK =1,..., will be used for the normalized eigen-
functions and associated eigenvalues, in increasing order, of H, an op-
erator on a Hilbert space H. When H is a Schrodinger Hamiltonian,
it will be assumed without loss of generality that {uy} are real-valued,
and that w; is nonnegative.

Assume for now only that H and G are a pair of symmetric operators on
a Hilbert space, that o(H) contains discrete eigenvalues, and that certain
products of operators are well-defined. (Assumptions are spelled out below
in Lemma 1.1.) The most basic relationship between commutators and
eigenvalue gaps is the elementary formula,

(uj, [H, G}uk> = (/\j — )\k) <Uj, Guk) . (1.2)

It turns out that not only [H, G| but also higher-order commutators such
as |G, [H, G]| are related to eigenvalue gaps. The basis for that analysis can
be recapitulated as follows.

For the first commutator of H with G, since [H, Gluy = (H — \;)Guy,
it follows that

I, Glug” = (G, (H = M) G ) (13)
and more generally
([H, Gluj, [H, Glu) = (Guj, (H = Aj) (H = A) Gug) . (1.4)
For the second commutator, a similar short calculation shows that, formally,
(uj, (G, [H, GlJug) = (Guy, (2H = Xj = M) Guy) - (1.5)
In particular,

(uj, |G, [H, G uj) = 2(Guy, (H — \j) Guy) . (1.6)



4  COMMUTATORS, EIGENVALUE GAPS, MEAN CURVATURE

Lemma 1.1 Let H be a positive self-adjoint operator with discrete eigenval-
ues A1 and \o. Let P denote the orthogonal projector onto ui, and suppose
that G is a self-adjoint operator such that the products GP, G*P, HG?P,
H2GP, and GHGP are defined. Then the fundamental gap T := T'(H)
satisfies

T (u1, (G, [H, G u1) < 2||[H, Glus||>. (1.7)

Remark This is actually a special case of Theorem 2.1 of [13]. A simplified
proof is presented here for convenience.

Proof. The assumptions on the products justify formulae (1.3)—(1.6). With
k = j = 1, the inequality is thus equivalent to

(Gul, (H — )\1) ()\2 — )\1) GU1> S <GU1, (H — )\1)2GU1> s

which follows from the spectral functional calculus (e.g., see [5, 7, 19]), since
for 1 € o(H), (11— M) (A2 — A1) < (u—M)% q.e.d.

Whereas identities (1.3)—(1.6) and Lemma 1.1 are general facts about
operator algebra, if H is a differential operator, then its commutators satisfy
further algebraic relations. For instance, if H = —A is a Laplace operator
on a Euclidean set €2, then with the choice G = zy:

v

k=1

and

[zg, [H, zx]] = 2, (1.9)

which is a version of canonical commutation. These identities are funda-
mental for the subject of universal bounds on eigenvalues (for which see
3)).

It is argued in Section 3 that from an algebraic point of view, the
operator on a closed manifold most closely analogous to the flat Laplacian
is not the Laplace-Beltrami operator, but rather

H, = —A+ gh® (1.10)

with the specific value g = i.
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2 Bounds on the fundamental eigenvalue gap of
Schrodinger operators on hypersurfaces

In this section M is a compact d-dimensional manifold smoothly immersed
in R4+,

Theorem 2.1 Let H be a Schrodinger operator on M with a bounded po-
tential, i.e.,
H=-A+YV, (2.1)

where V' is a bounded, measurable, real-valued function on M. If M has
a boundary, Dirichlet conditions are imposed (in the weak sense that H is

defined as the Friedrichs extension from C°(M)). Then

1
T(H) <~ /M (4\v||u1\2 + h%@) dVol

- % <u1, (—A + T) u1> . (2.2)

Remark If V issimply a function of the position on M, rather than defined
in terms of curvature, then H is an intrinsic object, whereas the extrinsic
quantity h appears on the right side of the inequality (2.2). An interpretation
of Theorem 2.1 in this situation is that if M is given as an abstract manifold,
and if T'(H) and wu; are found, then any immersion of M in R requires a
mean curvature satisfying (2.2).

Proof. Let {z,;,,m = 0,...,d} be a fixed Cartesian coordinate system for
R¥1 and denote by e, the corresponding unit vectors. Ambient coordi-
nates are introduced because they will be convenient for some calculations.
The notation {X,,} will be used for the functions M — R obtained by re-
stricting ,,, to M. Let V| denote the tangential gradient, which can be
written in terms of the ambient gradient by projecting away the component
along n:
Vi=V-nn-V.

Here, n denotes the outward normal to M. Note that the vector position
on M, ie, X := anzo Xmen is independent of the ambient coordinate
system, and that V) is independent of the local coordinates on M. Also,
in an ambient coordinate system the Laplace-Beltrami operator A can be

identified with vﬁ.

The commutator formula (1.7) using G = X, states

(A2 = A1) (ur, [Xoms [H, X ) < 20/[H, X un |



6 COMMUTATORS, EIGENVALUE GAPS, MEAN CURVATURE

A simplification can be achieved after summing on m, and noting that
since the potential in H commutes with X,,, H may be replaced in the
commutators by —A:

d d
(A2 = M) D (urs (X, [=A, XpuJJun) 23 (I[-A, X ua|®. (2:3)

It will now be shown that the left side of (2.3) is 2dI". The first step is
d
to realize that >  [X,, [—A, X;]] is independent of the orientation of the
m=0
ambient Cartesian system, because with the orthogonality of {e,,} a short

calculation shows that it is equal to the invariant expression X-[(—A), X]—
This allows the left side of (2.3) to be calculated locally in a conveniently
oriented ambient Cartesian system: At any point of M, choose the orienta-

tion so that n = eg, in which case [—Vﬁ, Xm} = —2% + (scalar function),

m=1,...,d, while [—Vﬁ,XO] is a scalar function. Consequently,

By integrating, the left side of (2.3) is therefore 2 (A2 — A1) d = 2T'd.
To facilitate the calculation of the right side of (2.3), define an operator
P mapping the domain of H to the space R @ L?(M) via

1 d

Pf:= —§Zem[—A,Xm]f:

m=0

A, X] f.

N

Observe now that due to the orthonormality of {e,,}, the right side of (2.3)
is

2
8 HPU1||Rd+1®L2(M) :

The Laplace-Beltrami operator can be conveniently expressed in local Rie-

mann normal coordinates on M, in which it is arranged that at a chosen
2

point p € M, A = 2?21 %, where {s;} measure arc length along the lines
j

of curvature passing through p. Thus, at p,

d

0X,, 0 0’X,,
[—A, X)) = Z (‘2 ds; Ds; 852>a (2.4)

7j=1 J
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SO

M

pu N~ [0X 0w | 19X
= dsj ds; 2 85? "

J:
d
8u1
_]Z:(t 55 + Hjnm) (2.5)

The second line of (2.5) uses the Serret-Frenet equations, according to
which t; is a unit tangent vector parallel to the line of curvature parametrized
by s;, and k; is the associated principal curvature. Le., {t;} are the normal-
ized eigenvectors of the shape operator. The varying sign enters because here
n is by convention outward, whereas the normal defined by the Serret-Frenet
equations may be outward or inward. Where the normal is not defined, its
coefficient is 0, and it drops out.

Since {n,t;} is an orthonormal system, at the point p,

2
8u1

d
Pus|Zass (p) =
R Z 833

7=1

d
E /ijul
j=1

This formula is equal to the coordinate-independent expression
2
2 h
|V||U1‘ + Zu%, (2.6)

which can now be integrated over M. When (2.6) is used in the right side
of (2.3), which is then divided by 2d, the result is

4 h?
(/\2 - /\1) S d/ <‘V|U1| u1> dVol.

This is equivalent to (2.2). q.e.d.

An immediate consequence of Theorem 2.1 by partial integration is:

Corollary 2.2 Let H be as in (2.1) and define § := supy, <hz2 - V). Then
4
I'H) < p (A1 +4).

A further corollary is an isoperimetric theorem for operators of the form
H, from (1.10):
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Corollary 2.3 Let H, be defined on M, a d-dimensional manifold smoothly
immersed in R4, Then for 0 < g < i, the eigenvalues satisfy

40’)\1

Ay — A1 < 7 (2.7)
with
:=max | 1 1 (2.8)
0 := max 1) .
For the ratio, these bounds read
Ao 1+ gd 1
— < 0 < -
NS g Jr<asy
and N d+d 1
2
2,272 > =
NS a o ey

The ratio bound (2.8) is sharp for 0 < g < 1.

Proof. If H = H, then
/ (}V|\u1’2+gh2u%) dVol = (ul,ngl) :)\17
M

a multiple of which majorizes the right side of (2.2): When g < i, this is
immediate. Otherwise first multiply ‘V||u1}2 by % > 1. The result is (2.7).
Optimality is established for g < % by the example of the sphere S¢, for
which, after normalizing the scale so that S% embeds in R*! as the unit
sphere,
M =gd?, N=gd*+d

2
d=Xy— A < <gd>:d
gd

[18]. Thus

3 Sum rules for eigenvalues

In 1925, Heisenberg [15] showed that the Thomas—Reiche-Kuhn sum rules
of atomic physics could be derived with calculations supposing, for the first
time, that observables do not commute. In [14] related sum rules for Lapla-
cians and Schroédinger operators were obtained by commutator calculations,
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and in this section appropriately modified sum rules will be obtained for
operators of the type (2.1). The derivation will follow [14] closely, but with
the purpose of displaying the effect of mean curvature. The results will sub-
sume those of Section 3 and give information about the spectrum above the
first two eigenvalues.

For H as in (2.1) the calculations leading to (2.5) and (2.6) established
the operator identities

d o 1
and, for a dense set of functions ¢,

IPo||* = (¢, Hyija9) - (3.2)

The operator P plays the role of a momentum operator, with which there is
a version of canonical commutation (cf. (1.9)) as follows. Defining a variant
commutator bracket for operators L?(M) — R @ L2(M) by [A; B] :=

A-B — B- A, a calculation shows that [P; Xex] = Z;l:l t; - 6?;“;'“ =1

(identity operator), and by averaging on k,

P;X]. (3.3)

&\»—‘

This is a coordinate-independent formula.
A sum rule for H, analogous to that of [14] reads as follows:

Proposition 3.1 Let H be as in (2.1), with eigenvalues {\r} and normal-
ized eigenfunctions {ug}. Then for each fized j,

Z e 2l I (3.4
d AL — A '
/\k;é/\

Furthermore, if f is any function summable on the spectrum o(H), then

;fw):— > fuwP wP LB

)\k;é)\
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Proof. From the commutator gap formula (1.2), with G = X,
-2 <U,j, Puk> = ()\j — )\k) <'LLj, X'LLk> s

so for \; # A,
<uj’ Puk>

i, X = -2 .
<u.77 Uk> )\] o )\k

(3.6)

Meanwhile, from (3.3) and the completeness of the orthonormal set of real-
valued eigenfunctions {uy}, it follows that

1
1= (uj,uj) = p (uj, [P; X]uj) .
Since P is skew—symmetric,
2
1= y (uj, P - Xuy)
2
= g Z (uj,Puk) . <uk,Xuj>.
k

Substitution from (3.6) yields (3.4). Observe that there is no sum on j in
(3.4); it is true for all j. To derive the identity (3.5) from (3.4), sum on j to

obtain
> 4 jey
SO = 3 P2 LA
; d < Aj— Mg
J 7.k
AeAN;
and then symmetrize in the indices j and k. q.e.d.

Because (3.4) and (3.5) are identical in form to the sum rules derived in
[14], the corollaries in that article can be carried over directly. Accordingly,
the proofs of their analogues will be given in outline only. For operators Hy,

the constant o in Eq. (10) of [14] is 0 = max (1, %) as in (2.8). Corollary 3
of [14] is a kind of Hile-Protter inequality [16]. Its analogue is as follows:

Corollary 3.2 Let H be as in (2.1) and § := sup,, (%2 - V) as in Corol-
lary 2.2. Then for each m = 1,2,..., such that Ap+1 # An,

4 Aj +5
dizz: n+1 (37)
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Suppose that Hy is as in (1.10) with M as in Section 3 and g > 0. If

Ant1 7 An, then
4o — A
1< — - .
- dnjg)\ -\ (3.8)

Proof. Sum (3.4) on j from 1 to n. Since by symmetry,

s lowPul

jhn T
AN
this produces
d P A — Aj
k>n+1
S0
4 & 1 s |Pu; ||
1<—=> — uy, Puj) N
nd = )\n+1 — )\j g |< j d Z )\n—i-l

Inequality (3.7) follows by substituting from (3.2) and using the elementary

fact that )

h

in the sense of quadratic forms.

For the universal inequality (3 8), we instead use the fact that ¢’ > ¢
implies Hy > H, and, for g < 4, that Hy/y < H , again in the sense of
quadratic forms g.e.d.

Theorem 5 of [14] is a “Yang-type” inequality [21, 1], which in the context
of this article reads:

Corollary 3.3 Let H be as in (2.1), with M a compact, smooth hypersur-
face. For z such that A\, < 2z < A\py1,

n n

Y (z=N)? < g Y (2= X)) Puy®

J=1 J=1

4
< 5 2= A)(A +9).
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Proof. This results from multiplying (3.4) by (2 — );)? and summing on j
from 1 to n. The sum on k from 1 to n can be dropped because the summand

N2
is antisymmetric under exchange of j and k. For A\ > z, (i;j‘&)] < (z—Xj),

whence
n 4 n oo
Y (z=n)P< p Yo (z=X) Y Hup Puy)l®
j=1 j=1 k=n+1
4 n
<< > (2= )Pyl
j=1

by Bessel’s inequality. The final inequality follows with (3.9) q.e.d.

Since Corollary 3.3 states that a certain quadratic function of z is nega-
tive when A, < z < A\p41, it implies that each spectral gap can be bounded
by an explicit expression in terms of the distribution of lower eigenvalues.

Define
. 1 <&
Ap = — E
n n /\k
k=1

and
_ 1 &
A== A2
n nkZ:l k

Then each eigenvalue gap of a generic H is bounded by a complicated,
explicit expression where the mean curvature enters through §, whereas
the eigenvalue gaps of operators of the form H, are bounded by a simpler
universal expression:

Corollary 3.4  a) Let H be as (2.1), with M a compact, smooth hyper-
surface. Then

2\ — 2\ —
- _ 0 - 1
s Ang] C [(1 + d) An — /D2, <1 + d> A + Dn] :

4 [ (dn+2\’— — dn+4\ —
Dg::d2<<”;> )\n2+(dn—d+2)5/\n—d< ”4+ )A%+62>.

b) For Hy, 0 < g, of the form (1.10) on a smooth, compact hypersurface
M,

Aoy Ant1] € [<1+2§>)\n— VD, <1+%5)An+ \/DT] :
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D, = 1+2—U A 2— 1+4—U A2 >0
n - d n d n .

This bound is sharp for every non—zero eigenvalue gap of Hi on the

with

sphere.

Proof. 1t is only necessary to calculate the roots of the quadratic expression
from the preceding corollary, viz.,
n 4 n
2= (2= A) - a2 (= AP
Jj=1 Jj=1

and to substitute from (3.2). (Cf. [14], Proposition 6; the bound b) is in fact
identical in form to the one in that article.)

An explicit calculation shows that the bound is sharp for the non-zero
eigenvalue gaps of the sphere, for which all the eigenvalues are known and
elementary [18]: For simplicity, assume that d = 2,9 = %, and that M is the
sphere of radius 1 embedded in R3. Then h = 2,0 = 1, and:

2

)\1:1;)\2:)\3:)\4:3;...;)\(m_1)2+1:--':)\m2 =m-—m++ 1.

For n = m?2, the calculation shows that )\, = ”TH, and )\7% = % Hence

D,, = n, and b) informs us that

2 2

22— m=m"—m+1< A, 2=m"—m+1
< Am2i1 =m?P4+m+1<2N2+m=m>+m+1,
and thus A2 equals the lower bound 2,2 —m and A2, equals the upper

bound 2A,,2 + m.

q.e.d.

Finally, consider the partition function for H,
Z(t) := tr(exp(—tH)),

If the function f of Proposition 4.1 is chosen as f(x) := exp(—tz), then
(after a short calculation exactly as for Eq. (15) of [14]):

2t
20 < () X tew -oalpu P (3.10)
J
which implies the following bounds:
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Corollary 3.5 a) Let H be as in (2.1), with M a compact, smooth hy-

persurface. Then t5 exp (—dt) Z(t) is a nonincreasing function;

b) For H, be of the form (1.10) on a smooth, compact hypersurface M,

t20 Z(t) is a nonincreasing function.

Proof. For general H, the right side of (3.10) is majorized by

<2dt> S Ajexp(—tA)) + <2§5> (1),
J

(1 _ 2?) 2(6) + <2dt> Z'(8) <0,

and when multiplied by the integrating factor t5 exp (—dt) the left side be-

Hence

comes a positive multiple of the derivative of £ exp (—0t) Z(t).
Statement b) follows similarly, after majorizing the right side of (3.10)

with
(2) 3 texp (=)

q.e.d.

Acknowledgments Part of this work was done while the author visited
CEREMATH, at the Université de Toulouse 1. This material is based
on work supported by the National Science Foundation under Grant No.
0204059.



Bibliography

1]

Ashbaugh, Mark S., The universal eigenvalue bounds of Payne-Polya-
Weinberger, Hile-Protter, and H C Yang Proceedings of the Indian
Academy of Scinces 112 (1)(2002) 3-30

Ashbaugh, Mark S., and Hermi, Lotfi, A unified approach to uni-
versal inequalities for eigenvalues of elliptic operators, Pac. J. Math.
217(2004) 201-219

Ashbaugh, Mark S. and Benguria, Rafael D., Isoperimetric inequal-
ities for eigenvalue ratios, pp. 1-36 of Partial Differential Equations
of Elliptic Type, Cortona, 1992, A. Alvino, E. Fabes, and G. Talenti,
editors, Cambridge Univ. Press, Cambridge, 1994.

Ashbaugh, Mark S. and Exner, Pavel, Lower bounds to bound state
energies in bent tubes, Phys. Lett. A150 (1990) 183-186.

Davies, E. B., Spectral Theory and Differential Operators. Cambridge:
Cambridge University Press, 1995.

Duclos, Pierre, and Exner, Pavel, Curvature-induced bound states in
quantum waveguides in two and three dimensions, Rev. Math. Phys.
7 (1995) 73-102.

Edmunds, D. E. and Evans, W. D., Spectral Theory and Differential
Operators. Oxford: Clarendon Press, 1987.

Exner, Pavel, Bound states and resonances in quantum wires, pp. 65—
85 in Order, Disorder and Chaos in Quantum Systems, Birkhé&user,
Basel, 1990.

Exner Pavel, Harrell, Evans M. II, and Loss, Michael, Optimal eigen-
values for some Laplacians and Schrodinger operators depending on

15



16

[10]

[18]

[19]

COMMUTATORS, EIGENVALUE GAPS, MEAN CURVATURE

curvature, pp. 47-58 in: Mathematical Results in Quantum Mechan-
ics, J. Dittrich, P. Exner, M. Tater, eds. Basel: Birkhauser, 1999.

Harrell, Evans M. II, General Bounds for the Eigenvalues of Schréinger
Operators, in Maximum Principles and Eigenvalue Problems in Partial
Differential Equations, P.W. Schaefer, editor. Essex, England: Long-
man House, and New York: Wiley, 1988

Harrell, Evans M. II, On the Second eigenvalue of the Laplace operator
penalized by curvature, J. Differential Geom. Appl. 6 (1996) 397-400.

Harrell, Evans M. II and Michael Loss, On the Laplace operator penal-
ized by mean curvature, Commun. Math. Phys. 195 (1998) 643-650.

Harrell, Evans M. II, Some Geometric Bounds on Eigenvalue Gaps,
Commun. in Partial Diff. Egs. 18 (1993) 179-198.

Harrell, Evans M. II and Joachim Stubbe, On Trace Identities and
Universal Eigenvalue Estimates for Some Partial Differential Opera-
tors, Trans Amer Math Soc 349 (1997) 1797-1809.

Heisenberg, Werner, Uber quantentheoretische Umdeutung kinematis-
cher und mechanischer Beziehungen, Z. Phys. 33 (1925) 879-893.

Hile, G. N. and Protter, M. H., Inequalities for eigenvalues of the
Laplacian, Indiana Univ. Math. J. 29 (1980), 523-538.

Levitin, Michael, and Parnovski, Leonid, Commutators, spectral trace
identities, and universal estimates for eigenvalues, J. Funct. Analysis
193 (2002) 425-445.

Miiller, Klaus, Spherical Harmonics, Springer Lecture Notes In Math-
ematics 17, Springer: Berlin, 1966.

Reed, Michael, and Simon, Barry M., Methods of Modern Mathemati-
cal Physics. I: Fundtional Analysis, Revised and enlarged edition. New
York: Academic Press, 1980.

Weidmann, Joachim, Linear operators in Hilbert spaces. Graduate
Texts in Mathematics, 68. New York and Berlin: Springer, 1980.

Yang, H. C., An estimate of the difference between consecutive eigen-
values, preprint IC/91/60 of the Intl. Centre for Theoretical Physics,
1991. Revised preprint, from Academia Sinica, 1995.



