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     `You may seek it with trial 
functions---and seek it with care; 
            You may hunt it with 
rearrangements and hope; 
       You may perturb the boundary 
with a lump here and there; 
            You may fool it with some 
series rope-a-dope---' 

Apologies to Lewis Carroll. 



     `You may seek it with trial 
functions---and seek it with care; 

The Rayleigh‐Ritz 
inequality 



     `You may seek it with trial 
functions---and seek it with care; 

The min‐max principle 

λk = max min <ϕ, A ϕ>,  
ϕ  normalized and orthogonal  
ϕ  to a k-1 dimensional 
subspace. 



Schrödinger with 
Rayleigh and Ritz 













Eigenfunctions of a self-adjoint operator, with different 
eigenvalues, are orthogonal.  Therefore if we search over 
ϕ orthogonally to u1,
 λ2 ≤ <ϕ, A ϕ>/||ϕ||2.
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ϕ orthogonally to u1,
 λ2 ≤ <ϕ, A ϕ>/||ϕ||2.

Problem:  We don’t know u1 a priori.  One way around 
this is a lemma of J. Hersch:



Jacobian



For the trial function ϕ let’s choose one of the 
Cartesian coordinates x,y,z on S2, but “pull back” to Ω 
with the inverse of Hersch’s conformal transformation.  
Let the resulting functions on Ω be called X,Y,Z.  What 
do we know about X,Y,Z?     
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   Let’s choose the trial function in

as  ζ =X, Y, or Z.  Considering for example X, conformality implies 
that  



Observing that

:

⇒

Equality iff sphere.  Why?







More open problems from 
somewhere deep in the 
Black Forest.... 







A scheme for working on some 
of these optimal problems 

Simplify matters by finding really efficient ways to 
describe the problem.
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have reason to think the optimal domain is convex, find a 
way to describe the objective with the support function.



A scheme for working on some 
of these optimal problems 

Simplify matters by finding really efficient ways to 
describe the problem.

For example, if we either assume a region is convex or 
have reason to think the optimal domain is convex, find a 
way to describe the objective with the support function.

If the region is at least starlike, we can describe things in 
terms of the gauge function.



Making new math in the math 
factory:  First make prototypes 
and see if they work as hoped.



Making new math in the math 
factory:  First make prototypes 
and see if they work as hoped.

For example, Antoine Henrot and I are exploring the 
direct use of the gauge and support functions.  As 
test cases we are reproving Faber-Krahn by this 
method and exploring upper variational bounds.







Some loopy problems

s = arclength, κ = curvature, and g = a “coupling constant”



Isoperimetric theorems for �
- d2/ds2 + g κ2





If 0 < g ≤ 1/4, the unique curve minimizing λ1 is the 
circle  (Exner-Harrell-Loss).



If 0 < g ≤ 1/4, the unique curve minimizing λ1 is the 
circle  (Exner-Harrell-Loss).  If g > 1, no longer true.

**What happens in between?   OPEN.





The image of Dido by Mathaus Merian the Elder is in the 
public domain, according to:
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